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We study the phase diagram of an effective three orbital model of the cuprates using Variational Monte-
Carlo calculations (VMC) on asymptotically large lattices and exact diagonalization on a 24-site cluster. States
with ordered orbital current loops (LC), itinerant Anti-ferromagnetism (AFM), d-wave superconductivity (SC),
and the Fermi-liquid (FL) are investigated using appropriate Slater determinants refined by Jastrow functions
for on-site and inter-site correlations. We find an LC state stable in the thermodynamic limit for a range of
parameters compatible with the Fermi surface of a typical hole doped superconductors provided the transfer
integrals between the oxygen atoms have signs determined by the effects of indirect transfer through the Cu-4s
orbitals as suggested by O.K. Andersen. The results of the calculations are that this phase gives way at lower
dopings to an AFM phase and at larger copings to a SC phase followed by a FL phase.
Intense effort has been devoted to the phase diagram of the
high Tc superconductors [1], especially the pseudo-gap phase.
Possibilities suggested for the latter include RVB and/or pre-
formed superconducting pairs [2, 3], Loops of orbital cur-
rent without broken translational symmetry (LC-phases [4, 5]
and with broken translational symmetry [6] and various other
forms of lattice and magnetic order. The LC-phases are worth
investigating in detail because of neutron observations [7, 8]
in four different families of cuprates of moments well compat-
ible with the existence of such phases. Their on-set tempera-
ture is consistent with the the pseudogap temperature T ∗ esti-
mated from thermodynamic and transport measurements. The
fluctuations of such phases [9, 10] could provide a path to also
explain the properties of the strange metal phase [11] as well
as the d-wave superconductivity. However several theoretical
as well as experimental questions remain to be understood in
relation to them.
In quasi-1D system, it was found in weak-coupling renor-
malization group calculations and numerical approaches that
longer-range interactions or a multi-orbital nature of the unit
cell are needed to stabilize the orbital current phases. [12–14].
However in 1D these phases have a spatial modulation becom-
ing incommensurate upon doping. Orbital current phases that
do not break translational symmetry requires a multi-orbital
model [15, 16] that includes the orbitals of the copper as well
as the oxygens in the unit-cell. In two dimensions, a mean-
field analysis [4] of such a model showed the existence of the
Θ phases when the Cu-O nearest-neighbor repulsion is strong
enough. However, although the mean-field result is indepen-
dently confirmed [17], going beyond mean-field, either with
exact diagonalizations [18, 19] or by variational Monte Carlo
(VMC) calculations [17] suggested an absence of currents for
large lattice sizes for the canonical model of cuprates [15, 20].
VMC calculations suggested however that the main ingredient
for the existence of such current was the frustration in kinetic
energy. Such frustration was ensured in the mean-field ap-
proach by the conversion of the Cu-O interaction into an ef-
fective hopping.
It is thus important to investigate more complete models
in which alternative paths for the kinetic energy can provide
such frustration. One such source of kinetic energy can be
provided by apical oxygens [17]. Another possible source is
additional kinetic energy terms [21] that have been suggested
in addition to the direct transfer between the oxygens. It was
shown that the oxygen px,y orbital has a much larger overlap
with the un-occupied copper 4s orbital than the direct O-O
overlap, yielding on integration over the 4s orbital a different
set of effective parameters, in which the effective O-O nearest
neighbor transfer integral can have a sign opposite to that of
the direct transfer (for a derivation see the supplementary ma-
terial [22]). We find and will explain that this strongly affects
the stability of the Θ2 phase.
In this paper we examine the role of such terms on the sta-
bility of orbital currents by performing a VMC investigation
of the revisited three band Hubbard model of Ref. 21. We use
a Jastrow projected wave function that allows an unbiased in-
vestigation of the relative stability of a wide variety of phases
including the Θ2 phase. The key issues that we address in this
work are: (1) What is the range of model Hamiltonian param-
eters which supports the various phases; (2) Is this range of
parameter consistent with the fermi-surface of the typical hole
doped cuprate and with the properties of the Mott insulator-
AFM half-filled phase.
Our work builds on Ref. 17, only a short summary of the
method is therefore given. The three orbital model is defined
by the Hamiltonian:
H =
∑
(i,j)σ
(
ti,jc
†
iσcjσ + hc
)
+
∑
α=p,d
Uαnˆα↑nˆα↓
+ ∆
∑
p,σ
nˆpσ + Vdp
∑
d,p
nˆdnˆp (1)
where the sum over (i, j) includes Cu-O and O-O neighbors,
c stands for px,y or dx2−y2 orbitals depending on the site;
ti,j are the transfer matrix elements of magnitude tdp and re-
spectively tpp for Cu-O and O-O matrix elements. Additional
px-px and py-py transfer integrals, which will be denoted by
t′pp result from the large overlap between the px,y and Cu-
4s orbitals connect the oxygen neighbors of the same copper
site. ∆, Ud, Up and Vdp denote the charge transfer energy,
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FIG. 1. (Colors online) Fermi surface of the uncorrelated Hamilto-
nian (1) obtained for ∆ = 2eV and a) tpp = −0.1eV, b) tpp =
−0.3eV, c) tpp = −0.5eV for δ = 22% hole doping. The Fermi
surface curvature is weakly dependent on the charge transfer energy
∆, but evolves significantly with the oxygen-oxygen transfer inte-
gral tpp. The Fermi surface of LSCO extracted from ARPES data is
shown for comparison [26].
the on-site repulsions in the Cu-d and O-p orbitals, and the
nearest-neighbor repulsion between Cu-d and O-p orbitals. A
set of parameters used typically for the cuprates [20, 23] is
Ud = 8eV and Up = 2 eV, |tdp| = 1.4eV, t′pp = 1eV, and
Vdp = 1eV, although there is no direct determination of sev-
eral of them. We will investigate the dependence of the ground
state properties with respect to several of the parameters.
The variational wave function considered is built from the
ground state Ψ0 of the Hofstadter-like mean-field hamilto-
nian:
HMF =
∑
(i,j)
tij χije
iθij c†iσcjσ+∆
∑
pσ
nˆpσ+
∑
i
hiSi (2)
where χij , θij , and hi are variational parameters. The vari-
ables χij and θij are allowed to be different on each bond for
a unit-cell. θij 6= 0 is a requirement for time-reversal break-
ing through orbital currents; the geometry of flux within the
unit-cell is given by closed loops of θij . The local magnetic
field hi allows antiferromagnetism. Correlations and effects
of quantum fluctuations of a variety of kinds on the ground
state wave-functions are included by multiplying Ψ0 by spin
and charge Jastrow Factors,
J = exp
 ∑
i,j=1,N
vc|i−j|ninj
 exp
 ∑
i,j=1,N
vS|i−j|S
z
i S
z
j

vc|i−j| and v
S
|i−j| are also variational parameters. i = j in
the charge Jastrow is equivalent to the local Gutzwiller pro-
jection. We considered Jastrow factors with |i − j| 6 3 Cu
lattice spacings and checked that they are negligible beyond
this. The minimization of the variational parameters is per-
formed using a stochastic minimization procedure [24, 25] in
which the parameters of the uncorrelated part of the w.f. and
the Jastrow parameters are minimized at the same time.
In the standard representation of the cuprates within a three
band model, the curvature of the Fermi surface (for a hole
doped copper oxides) is given by the sign of tpp. However,
for the extended representation of Ref. 21, the two parameters
tpp and tpp’ control the curvature of the Fermi surface. The
Fermi surface is in excellent agreement with the ARPES of
Wave-function (w.f.) E [eV] σ [eV] Jdp [eV]
FL -1.700(1) 0.064(1) 0
θ2 -1.996(1) 0.0507(1) 0.29(1)
θ2/J -2.023(1) 0.0409(2) 0.22(2)
θ2/J/LS -2.077(1) 0.0498(1) 0.22(1)
ED (k = (0, pi), (pi, 0)) -2.1954(0) 0 0
ED (k = (0, 0)) -2.1965(0) 0 0
TABLE I. Variational energies E and variance σ of the different
wavefunctions (w.f.) on an 8-cell CuO2 lattice with 10 holes and
Sz = 0 together with the exact ground state energies ED for to-
tal momentum k = (0, 0) and k = (0, pi), (pi, 0)). The variational
Ansatz are: i) the Fermi sea projected with a local Gutzwiller projec-
tion or Fermi-liquid (FL), ii) the mean-field orbital current w.f. in θ2
pattern projected with a local Gutzwiller projection, iii) θ2 optimized
with the Jastrow factors (θ2/J), iv) θ2/J improved by applying addi-
tionally one Lanczos step (θ2/J/LS). All shown results are for ∆ = 0
and tpp = −0.5eV.
LSCO for t′pp = 1eV and tpp = −0.3eV (see (see Fig. 1.b).
These values are also consistent with their derivation [22] and
the magnitude of the direct O-O transfer of about 0.7 eV typ-
ically used. We also use tpp = −0.5eV in the calculations in
order to investigate the sensitivity of the results to this param-
eter. Controlled calculations [27] show that the charge transfer
gap does not depend much on tpp and t′pp, provided that the
charge transfer energy is corrected ∆ = p − d + 2t′pp. Thus
observable properties in the insulating state are unaffected by
the new choice.
We first discuss the low energy properties of a cluster of
8-CuO2 cells and compare the variational results to the exact
ground state energy in Table (I). As a reference, the energy
of the Fermi-liquid (FL) state is shown. We first allow the
w.f. which allows any time reversal symmetry breaking pat-
tern (the complex phases are optimized on each of the link
within a Cu-O2 unit-cell). Remarkably, we find that the or-
bital currents are stabilized and yield an effective energy op-
timization (see table I, w.f. θ2). The symmetry of the orbital
current pattern (see Fig. 2) consist of two orbital current loop,
with opposite chiralities, which is consistent with the theoret-
ical proposal for the pseudo-gap phase of the cuprates [4].
The orbital current w.f. optimized with long-range Jastrow
factors (θ2/J) and with a so-called Lanczos step [28] (θ2/J/LS)
capture 95% of the ground state energy (ED). This suggests
that the orbital current w.f. is a good candidate to describe
the low energy physics of the three-band Hubbard model. Re-
markably, we also find that the degenerate exact eigenstates
in the k = (0, pi) and k = (pi, 0)) are only 0.0009eV (≈ 10
Kelvin) apart from the ground state. The presence of very low
energy states with finite momentum hint towards a possible
orbital current instability [29].
Despite the good energy of our w.f., we notice that the ob-
tained orbital current pattern for small lattices satisfies con-
servation of the current at each vertex to only within 10% or
less (but with overall current 0), as shown in Fig. 2; this stems
from the fact that the w.f. is not an eigenstate of the Hamilto-
nian (1), as discussed in Ref. 17.
3FIG. 2. (Colors online) Pattern of current obtained from the varia-
tional w.f. θ2/J/LS on a 8-copper lattice with 10 holes and Sz = 0
(see Table I). The current flows between orbitals lying on nearest
neighbor sites (black arrow) and between along the px − px and
py − py oxygens orbitals (blue arrows). The current pattern has two
circulating current loops (shaded areas) with opposite chiralities.
In order to understand the physics of the orbital currents, we
compare the change in the different contributions to the vari-
ational energies. As expected we find that the orbital current
w.f. (θ2), without any further optimization such as the Jas-
trow or the Lanczos step, reduces the double occupation, and
reduces the local Coulomb energy from EU = 0.42eV (FL)
down to EU = 0.31eV (θ2), and also reduces the nearest-
neighbour Coulomb repulsion from EV = 0.54eV (FL) down
to EV = 0.22eV (θ2). This large potential energy optimisa-
tion due to orbital currents is accompanied by increased ki-
netic energy; in particular the d-p kinetic energy is worsened
from Ed−p = −3.63eV down to Ed−p = −0.76eV which is
in turn largely compensated by a reduction of O-O kinetic en-
ergy from Ep−p = 0.97eV down to Ep−p = −1.77eV. Note
that at low and moderate hole doping for tpp < 0, the signs of
the oxygen-oxygen overlaps in the Fermi liquid wave-function
are such as to give a positive contribution to the kinetic energy
due to the tpp term in the hamiltonian. The orbital currents
provide an efficient way to optimize both these and the inter-
action energy terms. This optimization is ineffective both at
very low doping or for very large ∆, where the tpp kinetic
term is negligible due to the low oxygen hole densities.
The importance of the sign of tpp is that for chemical po-
tential on the anti-bonding band of a three orbital model, as in
the cuprates, the orbital current phase is favored if the product
of the signs of the transfer integrals around the O-Cu-O trian-
gles is positive. This is already suggested by the fact that in
such a triangle in isolation, the two degenerate current carry-
ing (complex) states lie in energy above the one real state even
for the non-interacting model.
Let us now consider the results for large clusters. We have
performed calculations on lattices with 36, 64 and 100 unit-
cells sites, i.e. N = 108,N = 192 and N = 300 lattice sites.
In order to avoid spurious finite size effect induced by the ar-
tificial degeneracy of the variational wave-functions, we con-
sidered rotated geometries, with T1 = (L, 0) and T2 = (1, L)
lattice vectors, where L = 6, 8, 10, and we used periodic
boundary conditions in all cases. [30]
In Fig. 3.a,b, we show the condensation energy obtained for
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FIG. 3. (Colors online) Condensation Energy δE of the loop current
w.f. (filled circles) and of the d-wave superconducting wave-function
(open circles) for 12.5% hole doping for a) tpp = −0.3 and b) tpp =
−0.5. Region of parameters where the different instabilities have
the lowest energies for c) tpp = −0.3 and d) tpp = −0.5. Labels
refer to the Loop-current phase (LC), to the antiferromagnetic phase
(SDW), to the superconducting d-wave instability (BCS), and to the
Fermi liquid (FL). The width of the phase boundaries comes from
both the statistical error bar in the calculations and from the discrete
sampling of the phase space. Coexistence between the three different
instabilities were not considered in this work. All calculations above
are carried out for N = 192.
the orbital current θ2/J w.f., as a function of the charge transfer
energy ∆ at fixed doping δ ≈ 12% together with that for the
d-wave superconducting phase. The superconducting wave-
function (see Fig. 3.a,b) is obtained by replacing the Slater
determinant with a d-wave BCS wave-function and keeping
the Jastrow factors. We find that the loop current instabil-
ity is present at small and moderate charge transfer energy
∆ < 1eV. For large ∆ the three band hamiltonian reduces to
an effective one-orbital Hubbard or t-J model, and no orbital
currents are found. We find that at δ = 12% the d-wave BCS
state is stabilized for ∆ > 1eV (Fig. 3.a,b).
At zero doping we find that the Ne´el magnetic long-range
order is stabilized for ∆ > 1eV, and is stable to increasing
doping when the charge transfer energy is increased, in agree-
ment with early variational Monte Carlo calculations done for
the three band Hubbard model [31].
We summarize in Fig. 3.c,d the phase diagram of the Fermi-
liquid state and the states with the largest condensation energy
for a given ∆ and δ. The antiferromagnetic phase is obtained
by removing the degeneracy of up and down spins in the Slater
determinant corresponding to a commensurate (pi, pi) phase
and with the Jastrow factors. For tpp = −0.3 and p − d ≈
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FIG. 4. (Colors online) Current amplitude on the px-py link (Jx,y)
obtained in the orbital current θ2/J w.f. as a function of a) the charge
transfer energy p−d for different lattice sizes (N ) at fixed hole dop-
ing δ ≈ 12%, and as a function b) of the nearest neighbor Coulomb
repulsion Vdp. Map of the current amplitude Jx,y as a function of the
hole doping δ and the charge transfer energy for c) tpp = −0.5eV
and d) tpp = −0.3eV. All calculations above are carried out for
N = 192, and long-range Jastrow factors were considered for all
w.f..
1eV, Fig. 3.c,d shows that the AFM state for δ < 5%, the
LC state in a range starting at δ ≈ 5% to ≈ 12%, the d-
wave state for 12% < δ < 20%, have the lowest Free-energy,
followed by the one of the FL state. We have not considered
coexistence of the latter instabilities (see e.g. Ref. 32), but
it is apparent from Fig. 3.c,d that for reasonable parameters
and given the general interaction free-energy γij |Ψi|2|Ψj |2
with Ψi,Ψj , the order parameters for AFM, LC, or SC states,
and with γij > 0 as expected, the Mott-AFM state at half
filling gives way to an itinerant AFM state, followed by a co-
existing LCO-SC state, then by a SC state alone and finally
by a FL state, as δ is increased. This is fully compatible with
the generic phase diagram of the cuprates. It should be clear
that further tweaking of the parameters in a small range (for
example reducing tpp by< 10%) about the chosen parameters
is likely to reproduce the small variations of the ground states
of any of the cuprates with doping. [33]
In Fig. 4.a, we show the current amplitude, obtained on
the px-py link (Jx,y), and measured in the orbital current θ2/J
w.f., as a function of the charge transfer energy at fixed doping
δ ≈ 12%. We do not observe significant variations with lattice
size suggesting that the results represent the thermodynamic
limit. For large ∆ the three band hamiltonian reduces to an
effective one-orbital Hubbard or t-J model, as argued earlier
[4, 34] and no orbital currents are found. We note that a mod-
erate Coulomb repulsion Vdp = 1eV reinforces the current
amplitudes when compared to Vdp = 0eV (Fig. 4.b), although
unrealistic large Coulomb repulsions Vdp > 3eV tend to sup-
press the currents. The latter can be understood by the fact
that increasing Vdp leads to an effective increase of the charge
transfer energy (Hartree shift). Indeed, for large charge trans-
fer energy ∆ > 4eV we do not find any signature of the loop
current phase. In this range, our results are quite similar to
earlier calculations [35–37] of the phase diagram of the Hub-
bard model which show a large doping region of itinerant anti
ferromagnetism, followed by co-existence with d-wave super-
conductivity and the superconductivity alone.
We extended the calculations to the large doping range δ <
60% (see Fig. 4.c,d). We find that the orbital currents are
stable across most of the doping range when ∆ ≈ 0. For ∆ <
−1 (not shown) we obtain that the current are suppressed. We
note that in this limit the holes fill the oxygens rather than
the copper orbitals, which is an unphysical limit for copper
oxides. For larger charge transfer energies and tpp = −0.5eV
(Fig. 4.c), the amplitude of the loop current phase varies with
doping being largest in the range 20 − 25% and decreasing
strongly for larger doping. Nevertheless, at very large doping
δ > 30%, we find that the loop current phase is stable, albeit
with very weak current amplitudes. The latter region is in our
view probably not physical, since in the region of high doping
other bands might be important [38, 39].
Very interestingly, the loop-currents are largest in small re-
gion of parameters ∆ ≈ 0 and respectively δ ≈ 0.2−0.25 and
δ ≈ 0.1−0.15 for tpp = −0.5eV (Fig. 4.c) and tpp = −0.3eV
(Fig. 4.d). which is close to the overdoped region of the super-
conducting phase of hole doped cuprates, which suggests that
the loop current phase is a candidate for the quantum critical
point in this particular region of parameters.
To summarize, we have carried out a detailed study of
several broken symmetry phases of an effective three orbital
model for the cuprates, with the special new feature that it in-
cludes Cu-4s mediated oxygen-oxygen transfer, as suggested
by O.K. Andersen. This indirect O-O hybridization of Ander-
sen leads to an ambiguity regarding the sign of the tpp trans-
fer integral. We have made a choice consistent with the direct
tpp and in agreement with the Fermi surface of a typical hole
doped superconductor. We show that this new effective model
for cuprates yields a stable LC phase at finite doping, consis-
tent with the phase diagram suggested earlier and discovered
by neutron scattering. We extended the calculations to large
clusters by VMC, and validate our theory by deducing a map
of the amplitude of the orbital currents as a function of the
doping and the charge transfer energy, as well as the correct
sequence of AFM, LC, SC and FL states as a function of dop-
ing observed generically in cuprates.
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EFFECTIVE INDIRECT TRANSFER INTEGRALS
THROUGH CU-4S.
Consider an O on the x-side of a Cu ion and one on the y-
side of the same Cu ion. The direct hopping integral between
the oxygens is tdpp. There is also an important indirect hopping
[1] between the same two O ions through the 4s state of the
Cu. Let the hopping integrals between the Cu-4s and the O
p-states be tpx,s and tpy,s. It is easy to see (see Fig. 1) that for
any gauge choice:
sgn(tpx,stpy,s) = sgn(t
d
pp). (1)
Let the energy of the oxygen ionic states be p and the Cu-
4s state be s with s > p. The indirect hopping between the
two O orbitals through the high energy states is:
tipx,py = 2
tpx,stpy,s
p − s (2)
Therefore
sgn(tipx,py) = −sgn(tdpp) (3)
for any pair of nearest neighbor O ions.
Moreover, we obtain from the same procedure that the self-
energy of a given O p-orbital is:
δp =
|tps,x|2
p − s (4)
and thus is negative, which confirms that the procedure is con-
sistent.
Since |tpx,stpy,x| is expected [1] to be about an order of
magnitude larger than |tdpp|2 and s − p is also an order of
magnitude larger than tdpp, we should expect |tipx,py| & |tdpp|.
The net effective tpp is the sum of the latter two.
We must also estimate the indirect O-O hopping integral
across the Cu:
t′pp = 2
tp+x,stp−x,s
p − s . (5)
The sgn(tp+x,stp−x,s) is negative. So, this gives tip+x,p−x >
0 of similar magnitude as |tip,p|.
Given the estimates above and the fact that tdpp has been
estimated to be about 0.7 eV, we have used in our work
++
+
+
+
+
- - - -
-
-
pxp-x
py
p-y
dx2-y2
FIG. 1: The Cu and O -ions in a unit-cell with a particular choice of
gauges on the px, py and dx2−y2 orbitals.
t′pp ≈ 1eV and tpp ≈ −0.3eV consistently. This choice
is also motivated by the fact that these values give a fermi-
surface consistent with experiments done for a typical hole
doped copper oxides (LSCO).
[1] O. K. Andersen, et al. Journal of Physics and Chemistry of
Solids, 56(12):1573 , 1995.
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